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HODGE-WITT DECOMPOSITION OF RELATIVE CRYSTALLINE
COHOMOLOGY
OLIVER GREGORY AND ANDREAS LANGER
Abstract. For a smooth and proper scheme over an artinian local ring with
ordinary reduction over the perfect residue field we prove - under some general
assumptions - that the relative de Rham-Witt spectral sequence degenerates
and the relative crystalline cohomology, equipped with its display structure
arising from the Nygaard complexes, has a Hodge-Witt decomposition into a
direct sum of (suitably Tate-Twisted) multiplicative displays. As examples
our main results include the cases of abelian schemes, complete intersections,
Calabi-Yau n-folds and some Fano 3-folds.
1. Introduction
We fix an artinian local ring R with perfect residue field k of characteristic p > 0.
Let X be a smooth proper scheme over SpecR. Under some general assumptions on
X , we proved in [LZ07] and [GL20] that the crystalline cohomologyHicris(X/W (R))
is equipped with the structure of a higher display, with divided Frobenius maps
arising from canonical maps on the Nygaard filtration of the relative de Rham-
Witt complex WΩ•X/R. Moreover, if the closed fibre Xk of X is an ordinary K3
surface, we proved in [LZ19] that the relative de Rham-Witt spectral sequence
(1.0.1) Ei,j1 = H
j(X,WΩiX/R)⇒ H
i+j(X,WΩ•X/R)
degenerates at E1, giving rise to a Hodge-Witt decomposition of H
2
cris(X/W (R)),
with its display structure, into a direct sum of displays associated to the formal
Brauer group, its twisted dual and the e´tale part of the extended Brauer group.
In this paper we extend this result and produce new examples of the Hodge-
Witt decomposition of relative crystalline cohomology. In the following, let X be a
smooth proper scheme over SpecR of relative dimension d satisfying the following
assumption:
There exists a compatible system of smooth liftings Xn/SpecWn(R), n ∈ N, of
X such that the following three properties hold:
(A1) The cohomology Hj(Xn,Ω
i
Xn/Wn(R)
) is a free Wn(R)-module for each i, j.
(A2) For each n, the Hodge-de Rham spectral sequence
Ei,j1 = H
j(Xn,Ω
i
Xn/Wn(R)
)⇒ Hi+j(Xn,Ω
•
Xn/Wn(R)
) = Hi+jdR (Xn/Wn(R))
degenerates at E1.
We also assume that the closed fibre Xk of X satisfies the following assumption:
(A3) Xk has a smooth versal deformation space.
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We say that X admits a Hodge-Witt decomposition of Hscris(X/W (R)) as dis-
plays if the relative Hodge-Witt spectral sequence (1.0.1) degenerates at E1 and if
there exists a direct sum decomposition
(1.0.2) Hscris(X/W (R)) =
⊕
i+j=s
Hi(X,WΩjX/R)
on which Hscris(X/W (R)) is equipped with the display structure arising from the
Nygaard complexes, and each Hi(X,WΩjX/R) is equipped with the (−j)-fold Tate
twist of a multiplicative display structure induced by the Frobenius F on WΩjX/R
such that
W (R)⊗F,W (R)H
i(X,WΩjX/R)→ H
i(X,WΩjX/R)
x⊗m 7→ xFm
is an isomorphism. Note that the crystalline Frobenius on Hscris(X/W (R)) induces
the map pjF on Hi(X,WΩjX/R). In the case R = k a perfect field, the above is
the Hodge-Witt or slope decomposition of ordinary varieties.
Then we prove the following.
Theorem 1.1. Let X be a smooth projective surface over SpecR admitting a com-
patible system of liftings Xn/SpecWn(R) satisfying (A1), (A2), (A3) and such that
the closed fibre Xk is ordinary. Let p ≥ 3. Then X admits a Hodge-Witt decompo-
sition of Hscris(X/W (R)) for all 0 ≤ s ≤ 4.
Remark 1.2. For s = 1 the decomposition coincides with the decomposition of
the display associated to the p-divisible group Pic(X)(p) over R of the reduced
Picard scheme into connected and e´tale part. The case s = 3 is obtained by
Poincare´/Cartier duality and yields the decomposition of the display associated to
the p-divisible group of the Albanese scheme AlbX . For s = 2 we get the same
decomposition as for ordinary K3 surfaces.
The main new examples, apart from abelian surfaces which are also covered in
the next theorem, are smooth complete intersections in a projective space over R
of dimension 2. They satisfy assumptions (A1), (A2) by [Del73, Thm 1.5] and are
generically ordinary [Ill90, The´ore`me 0.1]. It is well known that the deformations
of a complete intersection are unobstructed, and hence satisfy (A3).
Theorem 1.3. Let A be an abelian scheme over SpecR with ordinary closed fi-
bre, such that dimA = d < p. Then A admits a Hodge-Witt decomposition of
Hscris(A/W (R)) in all degrees 0 ≤ s ≤ 2d.
Remark 1.4. Hscris(A/W (R)) is equipped with the exterior power structure∧s
H1cris(A/W (R)) of the display H
1
cris(A/W (R)), which is a direct sum
H1cris(A/W (R)) = H
1(A,WOA)⊕H
0(A,WΩ1A/R)
of displays according to the connected resp. e´tale part of the p-divisible group of
the Picard scheme. So we shall derive a canonical isomorphism
i∧
H1(A,WOA)⊗
j∧
H0(A,WΩ1A/R)
≃
−→ Hi(A,WΩjA/R)
of multiplicative displays.
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In the final section we shall prove our most general result on Hodge-Witt
decompositions under deformation. By an n-fold we mean a smooth and proper
scheme of dimension n, defined over a field. We consider a smooth and proper
family of n-folds f : X → S over a smooth base S → SpfW (k), with n < p.
Suppose that the following two properties hold:
(B1) The relative Hodge sheaves Rjf∗Ω
i
X/S are locally free for each i, j.
(B2) The relative Hodge-de Rham spectral sequence
Ei,j1 = R
jf∗Ω
i
X/S ⇒ R
i+jf∗Ω
•
X/S
degenerates at E1.
(See Remark 5.3 for a discussion of (B1) and (B2) and the relationship with (A1)
and (A2)). Then we prove:
Theorem 1.5. Suppose that Spec k → S is a k-point of X such that the fibre
Xk := X ×S Spec k over this point is ordinary. Then for any artinian local ring R
with residue field k, if Spec k → S lifts to a morphism SpecR→ S
SpecR S
Spec k
the deformation X := X ×S SpecR of Xk admits a Hodge-Witt decomposition of
Hscris(X/W (R)) as displays in all degrees 0 ≤ s ≤ 2n.
Remark 1.6. Note that both Theorem 1.1 and Theorem 1.3 follow from Theorem
1.5 by applying the statement to the versal family of the closed fibre (see Remark
5.2). We have decided to include the separate proofs of Theorem 1.1 and Theorem
1.3 because the techniques are different and elucidate different aspects of the theory;
for example the connection with formal groups.
Finally let us highlight some important examples for which the theorem is ap-
plicable, focussing first on the case of Calabi-Yau n-folds:
– Let k be a finite field and consider the Fermat Calabi-Yau n-fold X =
Xnn+2(p) given by
Xn+21 +X
n+2
2 + · · ·+X
n+2
n+2 = 0
in Pn+1R , such that p = char k ≡ 1 mod n+2. In this case the Artin-Mazur
formal group ΦXk/k in degree n is Gˆm/k [vdGK03, Theorem 5.1].
– Let k be algebraically closed and consider a Kummer Calabi-Yau manifold
X : its closed fibre Xk is a resolution of a quotient A/G where A is an
ordinary abelian scheme of dimension n and G is a finite group of order
prime to p that acts faithfully on A [vdGK03, §6].
– Another important example is provided by the Dwork pencil of Calabi-Yau
n-folds. Let X = [X1 : X2 : . . . : Xn+2] be the homogeneous coordinates of
Pn+1R . Then the Dwork pencil is the one-parameter family Vt of Calabi-Yau
hypersurfaces in Pn+1R over t ∈ P
1
R defined by Pt(X) = 0 where
Pt(X) = X
n+2
1 +X
5
2 + · · ·+X
n+2
n+2 − (n+ 2)tX1X2 · · ·Xn+2 .
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We can consider this family over any ring R such that n + 2 ∈ R∗. Let
R be artinian local with perfect residue field k such that char k > n + 2.
When we specialise the family to Pn+1k under the base change R→ k, it is
shown in [Yu09, Theorem 2.2] that the Dwork family is generically ordinary.
Hence we can choose t ∈ R such that the variety Pt0(X) = 0 is ordinary,
where t0 is the image of t in k. The assumptions (A1) and (A2) are trivially
satisfied.
Note that in general, Calabi-Yau n-folds Xk in positive characteristic can have
obstructed deformations when n ≥ 3 (see e.g. [Hir99], [Sch04]). On the other
hand, it is shown in [Sch03] and [ESB05] that if Xk admits a smooth formal lifting
and satisfies appropriate torsion-freeness hypotheses on its crystalline cohomology,
then Xk has a smooth deformation space. It is widely expected that an ordinary
Calabi-Yau n-fold Xk admits even a canonical formal lifting, and therefore has
unobstructed deformations (see e.g. [AZ19, §1] for a summary of the state of the
art). In particular, we expect that our result applies to any Calabi-Yau n-fold X
over SpecR whose closed fibre is ordinary.
The final example that we point out as of particular interest is the case of Fano
3-folds. It was shown by Joshi [Jos07, Theorem 10.1] that every Fano 3-fold Xk
over Spec k admits a Hodge-Witt decomposition. If X/SpecR is a deformation
of Xk, it is not obvious to us whether one should expect X to admit a relative
Hodge-Witt decomposition. However, if Xk is moreover assumed to be ordinary
with Picard number one and p ≥ 5, then our results show that this is in fact the
case. Indeed, Shepherd-Barron has shown that Xk lifts to characteristic zero [SB97,
Corollary 12.4], hence it is certainly liftable modulo p2. Therefore h2(Xk, TXk) =
h1(Xk,Ω
1
Xk/k
⊗KXk) = 0 by Kodaira-Akizuki-Nakano vanishing [DI87, Corollaire
2.11], from which we conclude that the deformation space of Xk is smooth. Then
each fibre of the versal family f : X → S lifts modulo p2 (see Remark 5.2 for more
details), and therefore f satisfies (B1) and (B2) by [DI87, §4]. The deformation X
is X ×S SpecR for some morphism SpecR→ S by versality, so we are in a position
to apply Theorem 1.5.
2. Introduction to higher displays
In this section we present the main tools developed in [LZ04], [LZ07], [LZ19],
[Lan18] and [GL20] to impose a display structure on relative crystalline cohomology.
For a smooth scheme X over a ring R on which p is nilpotent, we defined in
[LZ04] the relative de Rham-Witt complex WnΩ
•
X/R as an initial object in the
category of F -V -procomplexes, in particular it is equipped with operators F :
WnΩ
•
X/R → Wn−1Ω
•
X/R and V : Wn−1Ω
•
X/R → WnΩ
•
X/R extending the Frobenius
and Verschiebung on the Witt vector sheaf WnOX , and satisfying the standard
relations in Cartier theory. WnΩ
•
X/R coincides with Deligne-Illusie’s de Rham-Witt
complex for R = k a perfect field, and its hypercohomology computes the crystalline
cohomology of X/Wn(R).
Let X be a proper and smooth scheme over SpecR and let IR = W (R)
V . Then
we consider the following variant of WΩ•X/R, denoted by N
rWΩ•X/R, for r ≥ 0:
WΩ0X/R[F ]
d
−→WΩ1X/R[F ]
d
−→ · · ·
d
−→WΩr−1X/R[F ]
dV
−−→WΩrX/R
d
−→ · · · .
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This is a complex of W (R)-modules, where WΩiX/R[F ]
for i < r denotes WΩiX/R
considered as a W (R)-module via restriction of scalars along W (R)
F
−→ W (R).
Let P0 := H
n(X,WΩ•X/R) and Pr := H
n(X,N rWΩ•X/R). Then there are maps
Fr : Pr → P0 induced by corresponding divided Frobenius maps
Fˆr : N
rWΩ•X/R →WΩ
•
X/R[F ]
defined as the identity in degrees < r and as piF in degree r + i, for i ≥ 0. The
standard relations between F , V and d imply that Fˆr is well-defined. There are
also maps ιˆr : N
r+1WΩ•X/R → N
rWΩ•X/R, αˆr : IR ⊗N
rWΩ•X/R → N
r+1WΩ•X/R
given explicitly in [LZ07] and [GL20] that induce three sets of maps
(1) · · · → Pi+1
ιi−→ Pi
ιi−1
−−−→ · · ·
ι1−→ P0 a chain of W (R)-module homomor-
phisms,
(2) αi : IR ⊗ Pi → Pi+1,
(3) Fi : Pi → P0
satisfying the following:
I) For i ≥ 1
IR ⊗ Pi Pi+1
IR ⊗ Pi−1 Pi
αi
αi−1
id⊗ ιi−1 ιi
commutes and the diagonal map IR ⊗ Pi → Pi is multiplication. For i = 0,
the composition IR ⊗ P0
α0−→ P1
ι0−→ P0 is multiplication.
II) For i ≥ 0,
Fi+1 ◦ αi = F˜i : IR ⊗ Pi → P0
ξV ⊗ x 7→ ξFix .
The above data define the structure of a predisplay P = (Pi, ιi, αi, Fi) on
Hncris(X/W (R)) [LZ07, Definition 2.2].
Now assume that X admits a compatible system of liftings Xn/Wn(R) satisfying
the assumptions (A1) and (A2) in the introduction, and let FrΩ•Xn/Wn(R) be the
following filtered version of the de Rham complex Ω•Xn/Wn(R):
IR ⊗OXn
pd
−→ IR ⊗ Ω
1
Xn/Wn(R)
pd
−→ · · ·
pd
−→ IR ⊗ Ω
r−1
Xn/Wn(R)
d
−→ ΩrXn/Wn(R)
d
−→ · · · .
As one of the main results in [Lan18], used in [LZ19] and [GL20], we recall
Theorem 2.1. For r < p the complexes FrΩ•Xn/Wn(R) and N
rWΩ•X/R are iso-
morphic in the derived category of Wn(R)-modules.
One might view this theorem as a filtered version of the comparison between de
Rham-Witt cohomology and the de Rham cohomology of a lifting.
Next we point out that the complexes FrΩ•Xn/Wn(R) possess – under the assump-
tions (A1), (A2) – very nice properties: the E1-hypercohomology spectral sequence
associated to FrΩ•Xn/Wn(R) degenerates at E1 (compare [LZ07], Proposition 3.2
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and the properties following Proposition 3.1). The theorem yields a description of
the Pr ∼= H
n(X,FrΩ•Xn/Wn(R)) in terms of de Rham cohomology:
Pr ∼= IRL0 ⊕ IRL1 ⊕ · · · ⊕ IRLr−1 ⊕ Lr ⊕ · · · ⊕ Ln
where Li := H
n−i(Xn,Ω
i
Xn/Wn(R)
), and one can define Frobenius-linear maps Φr :
Lr → P0 by Φr := Fr |Lr . It is shown in [GL20, Theorem 1.1 a)], [LZ07, Theorem
5.7], that for n < p, the map
n⊕
i=0
Φi : P0 =
n⊕
i=0
Li → P0 =
n⊕
i=0
Li
is a Frobenius-linear isomorphism, and hence we have
Theorem 2.2. The predisplay P = (Pi, ιi, αi, Fi) is a display; it is isomorphic to
a display given by standard data (see [LZ07, page 149] and [GL20, Appendix]).
In our results on the Hodge-Witt decomposition, it turns out that the display
defined on Hncris(X/W (R)) is a direct sum of twisted multiplicative displays. We
recall the definitions.
A multiplicative display of degree 1 is a classical display [Zin02] defined by
(P,Q, F, F1) with Q = IRP and F1 bijective. It can be considered as an s-display,
for s ≥ 1, by adding maps
IRP
p
−→ IRP
p
−→ · · ·
p
−→ IRP
ι0−→ P
and when Fi : IRP → P is defined by F1.
For a multiplicative display (P,Q, F, F1) = P we can define the (−1)-fold Tate
twist as a 2-display by the data
P(−1) = (P ′i , ι
′
i, α
′
i, F
′
i )
where for i ≥ 1 P ′i = Pi−1, ι
′
i = ιi−1, α
′
i = αi−1 and F
′
i = Fi−1, P
′
0 = P0 = P
′
1,
F ′0 = pF0, ι
′
0 = idP0 and α
′
0 = IR ⊗ P0 → P0 is the multiplication map. We note
that the corresponding 1-display
P e´t = (P = P0, Q = P0, pF0, F0)
is an e´tale display (for the definition of e´tale displays see also [Mes07, §6]). We can
iterate the construction to define the (−n)-fold Tate twist P(−n) for any n ≥ 0.
The Hodge-Witt cohomology groups will turn out to be multiplicative displays
and we shall apply to them the above Tate-twisting functor, and also add the map
IRP
p
−→ IRP to consider an s-display as an (s+ 1)-display.
3. Hodge-Witt cohomology as multiplicative displays
In this section we prove important properties of Hodge-Witt cohomology that
apply in all examples, and then we derive the proof of Theorem 1.1.
Proposition 3.1. Fix a pair (i, j), 0 ≤ i, j ≤ d = dimX.
(i) There is an exact sequence induced by the action of V on WΩjX/R
0→ Hi(X,WΩjX/R)
V
−→ Hi(X,WΩjX/R)→ H
i(X,ΩjX/R)→ 0 .
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(ii) Let X be the ind-scheme over the ind-scheme SpecW•(R) arising from the
compatible family of liftings Xn. Then there exists a multiplicative display
P = (P,Q = IRP, F, F1) over R with P ∼= H
i(X,Ωj
X/W (R)) and a homo-
morphism P
ς
−→ Hi(X,WΩjX/R) compatible with the action of Frobenius,
where F on the right is induced by the Frobenius on WΩjX/R, such that
ς(IRP ) ⊂ V H
i(X,WΩjX/R) and the induced map
ς : P/IRP → H
i(X,WΩjX/R)/imV
∼= Hi(X,Ω
j
X/R)
is an isomorphism of free R-modules.
(iii) The map ς is an isomorphism.
Remark 3.2. The Frobenius-equivariant map ς in (ii) fits into a commutative dia-
gram
P Hi(X,WΩjX/R)
Q = IRP H
i(X,WΩjX/R)
ς
ς
F1 V
Indeed,
V (ς(F1( ξ
V x))) = V (ς(ξFx)) = V ξFς(x) = ξV ς(x) = ς( ξV x) .
So ς(IRP ) ⊂ V H
i(X,WΩjX/R) and ς is well-defined. Note that F1 is a bijection.
Lemma 3.3. Assume that properties (i) and (ii) in Proposition 3.1 hold for a fixed
pair (i, j). Then property (iii) holds.
Proof. The proof is identical to the corresponding section in the proof of [LZ19,
Lemma 47]. For completeness we include the argument. The property ς(IRP ) ⊂
VHi(X,WΩjX/R) implies ς(InP ) ⊂ V
nHi(X,WΩjX/R) for In := W (R)
V n . Then
one has a commutative diagram
In−1P V
n−1Hi(X,WΩjX/R)
InP V
nHi(X,WΩjX/R)
ς
ς
F1 V
where F1 is bijective again.
We claim that the maps
(3.3.1) ς :
InP
In+1P
→
V nHi(X,WΩjX/R)
V n+1Hi(X,WΩjX/R)
are surjective. For n = 0 this is property (ii). Let m ∈ Hi(X,WΩjX/R). Find,
by induction, elements x ∈ In−1P and m1 ∈ H
i(X,WΩjX/R) such that V
n−1m =
ς(x) + V nm1. We write x = F1y for y ∈ InP . Then
V nm = V ς(F1y) + V
n+1m1 = ς(y) + V
n+1m1
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which ends the induction and proves the claim.
We know thatHi(X,WΩjX/R) is V -adically separated. Therefore the surjectivity
of 3.3.1 implies that P
ς
−→ Hi(X,WΩjX/R) is surjective and H
i(X,WΩjX/R) is V -
adically complete. Since V is injective by property (i), Hi(X,WΩjX/R) is a reduced
Cartier module.
Now consider (3.3.1) as a homomorphism of Wn+1(R)-modules. We claim that
both sides of (3.3.1) are isomorphic asWn+1(R)-modules and are noetherian. Since
a surjective endomorphism of noetherian modules is an isomorphism, this implies
that (3.3.1) is an isomorphism and therefore ς is an isomorphism as well. It therefore
suffices to prove the claim:
Since
F1 : InP → In−1P
ξV
n
x 7→ ξV
n−1
Fx
is a bijection, we get a bijection
F1 : InP/In+1P → In−1P/InP .
Let P/I1P [Fn] denote the Wn+1(R)-module given by restriction of scalars along
Fn :Wn+1(R)→ R. Iterating F1, we get an isomorphism of Wn+1(R)-modules
Fn1 : InP/In+1P → P/I1P [Fn] .
Since R is F -finite, P/I1P [Fn] is a noetherian Wn+1(R)-module.
Now for the reduced Cartier module M = Hi(X,WΩjX/R) we obtain, analo-
gously, the isomorphism
V n :M/VM [Fn]
≃
−→ V nM/V n+1M .
Hence properties (i) and (ii) show the claim. 
Lemma 3.4. Proposition 3.1 holds for j = 0, i ≥ 0 if X is an abelian scheme or
a smooth proper surface with ordinary closed fibre.
Proof. For i = j = 0, the exact sequence in question reads
0→W (R)
V
−→W (R)→ R→ 0
and there is nothing to prove. H0(X,WOX) is isomorphic to the multiplicative
(unit) display.
Now let X = A be an abelian scheme. Then H1(A,WOA) is the reduced Cartier
module of the formal p-divisible group P̂icA/R with tangent space H
1(A,OA), and
we have an exact sequence
0→ H1(A,WOA)
V
−→ H1(A,WOA)→ H
1(A,OA)→ 0 .
Since the closed fibre is ordinary the associated display is multiplicative, so
(P,Q, F, F1) = (H
1(A,WOA), IRH
1(A,WOA), F, F1) .
The Grothendieck-Messing crystal D(P̂icA/R) evaluated at W (R)→ R yields
D(P̂icA/R)W (R) = D(Gˆ
d
m/R)W (R) = H
1(A,WOA) = H
1(A,OA) .
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For i ≥ 2 we have a commutative diagram
i∧
H1(A,WOA) H
i(A,WOA) H
i(A,OA)
i∧
H1(A,OA) H
i(A,OA)
≃
≃
The right arrow Hi(A,OA) → H
i(A,OA) is a surjection because de Rham coho-
mology commutes with base change. Hence the exact sequence
0→WOA
V
−→WOA → OA → 0
induces exact sequences for all i
0→ Hi(A,WOA)
V
−→ Hi(A,WOA)→ H
i(A,OA)→ 0 .
Now, P =
∧i
H1(A,WOA) carries the exterior power structure of the multiplicative
display H1(A,WOA) and hence is again multiplicative:
P = (P, IRP, F, F1)
where F is defined by
∧i
F on P . The above diagram shows that the F -equivariant
map ς : P → Hi(A,WOA) induces an isomorphism
ς : P/IRP
≃
−→ Hi(A,WOA)/imV ∼= H
i(A,OA) .
We conclude property (iii) by Lemma 3.3. Hence the lemma holds for abelian
schemes.
Now let X be smooth projective scheme over SpecR of dimension 2 satisfy-
ing assumptions (A1), (A2) with ordinary closed fibre. Since H1cris(X/W (R)) =
H1cris(AlbX/W (R)) where AlbX is the Albanese scheme of X , we have
H1(X,WOX) = H
1(AlbX ,WOAlbX ) and the case i = 1 is covered by the above
discussion. Since X has ordinary closed fibre, H2(X,WOX) is the Cartier module
of the multiplicative formal group B̂rX/R ≃ Gˆm/R × · · · × Gˆm/R; its dimension
(= rankRH
2(X,OX)) coincides with its height (= rankW (R)H
2(X,WOX)). Then
it is clear that
0→ H2(X,WOX)
V
−→ H2(X,WOX)→ H
2(X,OX)→ 0
is exact and
D(B̂rX/R)W (R) = D(Gˆ
h
m/R)W (R) = H
2(X,OX) = Lie B̂rX/W (R) = H
2(X,WOX) .
Since Hi(X,WOX) = 0 for i > 2, the lemma is proved in the case of surfaces as
well. 
Using the quasi-isomorphism N2WΩ•X/R
∼= F2Ω•
X/W (R) and the fact that the
E1-hypercohomology spectral sequence associated to F
2Ω•
X/W (R) degenerates,
we compute the cohomology of the Nygaard complex (compare [LZ19, Remark 42]):
– H0(N2WΩ•X/R)
∼= IRH
0(X,OX) = IRW (R),
– H1(N2WΩ•X/R)
∼= IRH
1(X,OX)⊕ IRH
0(X,Ω1
X/W (R)),
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– H2(N2WΩ•X/R)
∼= IRH
2(X,OX)⊕ IRH
1(X,Ω1
X/W (R))⊕H
0(X,Ω2
X/W (R)),
– H3(N2WΩ•X/R)
∼= IRH
3(X,OX)⊕ IRH
2(X,Ω1
X/W (R))⊕H
1(X,Ω2
X/W (R))
H0(X,Ω3
X/W (R)),
– H4(N2WΩ•X/R)
∼= IRH
4(X,OX)⊕ IRH
3(X,Ω1
X/W (R))⊕H
2(X,Ω2
X/W (R))
⊕H1(X,Ω3
X/W (R))⊕H
0(X,Ω4
X/W (R)).
Since the map ∂ : H0(X,WOX) ∼= W (R) → H
0(WΩ1X/R
dV
−−→ WΩ2X/R) is in-
duced by the differential d which vanishes on W (R), ∂ is the zero map. Then we
have the following commutative diagram
H0(WΩ1
d
−→WΩ2) H1cris(X/W (R)) H
1(X,WOX)
H0(WΩ1
dV
−−→WΩ2) H1(N2WΩ•X/R) H
1(X,WOX)
(V, id) pV
We already know that H1(X,WOX) = D(P̂icX/R) is a direct summand of
H1cris(X/W (R)), hence the upper right arrow is a surjection. Since V is injec-
tive on H1(X,WOX) and V H
1(X,WOX) ∼= IRH
1(X,OX), the lower right arrow
is surjective too. The left vertical arrow can be identified with the map
H0(IRΩ
1
X/W (R)
d
−→ Ω2
X/W (R)) = IRH
0(X,Ω1
X
)→ H0(X,Ω1
X
)
which is injective and has cokernel H0(X,Ω1X/R). Then the commutative diagram
(3.4.1)
H0(WΩ1
d
−→ WΩ2) H0(X,WΩ1) H0(X,WΩ2) H1(WΩ1
d
−→WΩ2)
H0(WΩ1
dV
−−→WΩ2) H0(X,WΩ1) H0(X,WΩ2) H1(WΩ1
dV
−−→ WΩ2)
(V, id) =V (V, id)
together with the injectivity of the map (V, id) in [LZ19, Lemma 44] shows that V
is injective on H0(X,WΩ1X/R) and the cokernel is H
0(X,Ω1X/R).
Let us now derive the Hodge-Witt decomposition of H1cris(X/W (R)). We have
a direct sum decomposition [BBM82]
H1cris(X/W (R)) = D(P̂icX/R)⊕ D(PicX/R(p)
e´t)
into a direct sum of Dieudonne´ modules associated to the connected and e´tale
part of the p-divisible group associated to PicX/R. The display structure on
H1cris(X/W (R)) arising from the Nygaard complex N
1WΩ•X/R has been anal-
ysed in [LZ04, 3.4]. We have P = H1cris(X/W (R)), Q = ker(H
1
cris(X/W (R)) →
H1(X,OX), F is the crystalline Frobenius, and F1 is defined on the Nygaard fil-
tration Q ∼= H1(X,N1WΩ•X/R). We see then that
Q = IRD(P̂icX/R)⊕ D(PicX/R(p)
e´t)
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given that for a display of an e´tale group one has “P = Q”. We conclude that the
above decomposition is a direct sum of displays.
Using that D(P̂icX/R) = H
1(X,WOX) we have a natural map
η : P e´t = D(PicX/R(p)
e´t)→ H0(X,WΩ≥1X/R)→ H
0(X,WΩ1X/R)
which is compatible with the Frobenius on the left and pF on H0(X,WΩ1X/R). We
already have a commutative diagram
P e´t H0(X,WΩ1X/R)
P e´t H0(X,WΩ1X/R)
η
η
F1 F
Since P e´t is an e´tale display, F1 is defined on the the whole of P
e´t. On the versal
deformation of X the diagram commutes because it commutes after multiplication
by p and p is injective on the versal deformation. Then the diagram
P e´t H0(X,WΩ1X/R)
IRP
e´t H0(X,WΩ1X/R)
η
η
F2 V
with F2( ξ
V x) = ξF1x commutes, hence we get an induced map of free R-modules
η : P e´t/IRP
e´t → H0(X,WΩ1X/R)/imV
∼= H0(X,Ω1X/R)
of rank = dimPic0X/R. It is enough to show that η is surjective to show that
it is an isomorphism. We show this after base change along R → k. Over k it
is known that D(PicXk(p)
e´t) is the slope p-part of in H1cris(Xk/W (k)), hence is
isomorphic to H0(Xk,WΩ
1
Xk/k
) because we are in the ordinary case. Since the
map H0(Xk,WΩ
1
Xk/k
) → H0(Xk,Ω
1
Xk/k
) is surjective, η is surjective and hence
an isomorphism. Apply Lemma 3.3 to deduce (iii) from (i) and (ii), we have now
proven Proposition 3.1 for i = 0, j = 1.
Before we can finish the proof of Theorem 1.1 we must prove Proposition 3.1 in
the cases i = 1, 2, j = 1, dimX = 2. For i = 1 the proof is very similar as for
[LZ19, Lemma 46].
One consequence of the case i = 0, j = 1 is that H0(WΩ1X/R
d
−→ WΩ2X/R) =
H0(X,WΩ1X/R) in diagram (3.4.1), and hence diagram (92) in [LZ19] holds
verbatim for general smooth projective surfaces:
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(3.4.2)
H0(X,WΩ2) H1(X,WΩ1
d
−→WΩ2) H1(X,WΩ1) H1(X,WΩ2)
H0(X,WΩ2) H1(X,WΩ1
dV
−−→WΩ2) H1(X,WΩ1) H1(X,WΩ2)
= Vαˆ =
Since
H2(X,N2WΩ•X/R) = H
2(X,F2Ω•
X/W (R))→ V H
2(X,WOX) = IRH
2(X,OX)
is surjective, we have a commutative diagram
0 H2(X,WΩ1X/R
d
−→WΩ2X/R) H
3
cris(X/W (R))
0 H2(X,WΩ1X/R
dV
−−→WΩ2X/R) H
3(X,N2WΩ•X/R)
(V, id)
and the right vertical map can be identified with the injection
IRH
2(X,Ω1
X/W (R))⊕H
1(X,Ω2
X/W (R))→ H
2(X,Ω1
X/W (R))⊕H
1(X,Ω2
X/W (R)) ,
hence (V, id) is injective in the above diagram. This fact together with the in-
jectivity of αˆ in diagram (3.4.2) imply that V is injective on H1(X,WΩ1X/R)
and cokerV ∼= H1(X,Ω1X/R). To finish the proof of Proposition 3.1 in the
case i = 1, j = 1, we can apply [LZ19, Lemma 47]. Note that we also have
(P,Q, F, F1) = D(Φ
e´t
X/R), the display of the e´tale part of the extended formal
Brauer group ΦX/R, and D(Φ
e´t
X/R)
≃
−→ H1(X,WΩ1X/R) where the map is given
by the composite map
D(Φe´tX/R)→ H
2(X,WΩ≥1X/R)→ H
1(X,WΩ1X/R) .
[LZ19, Lemma 47] implies that H2(X,WΩ≥1X/R) → H
1(X,WΩ1X/R) is surjective,
hence we get a commutative diagram
H1(X,WΩ2) H2(X,WΩ1
d
−→WΩ2) H2(X,WΩ1) H2(X,WΩ2) H3(X,WΩ1
d
−→WΩ2)
H1(X,WΩ2) H2(X,WΩ1
dV
−−→WΩ2) H2(X,WΩ1) H2(X,WΩ2) H3(X,WΩ1
dV
−−→ WΩ2)
= V(V, id) = (V, id)
We have already seen that (V, id) is injective in cohomological degree 2; a similar
argument shows that (V, id) is injective in cohomological degree 3 as well. Then
the above diagram implies that V is injective on H2(X,WΩ1X/R) and its cokernel
is H2(X,Ω1X/R).
Let Alb(p)0(1) be the (twisted) connected component of the p-divisible group
associated to the Albanese scheme. It is known that this is the Cartier dual of the
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e´tale p-divisible group PicX/R(p)
e´t. Let D(Alb(p)0)(1) be the associated display.
Under the Poincare´ duality pairing
H1cris(X/W (R))×H
3
cris(X/W (R))(2)→W (R)
the dual of the map
D(PicX/R(p)
e´t)→ H1cris(X/W (R))
is the map
H3cris(X/W (R))(2)→ D(Alb(p)
0)(1)
hence D(Alb(p)0)(−1) is a direct summand of
H3cris(X/W (R))
∼= H2(X,WΩ1X/R
d
−→WΩ2X/R) .
It induces a map
D(Alb(p)0)(−1)→ H2(X,WΩ1X/R)
where the Frobenius on the right is induced by the crystalline Frobenius, hence by
pF , where F is the Frobenius map on WΩ1X/R. By an analogous argument as for
Hi(X,WΩ1X/R) (i = 0, 1) we get a homomorphism
ς : D(Alb(p)0)→ H2(X,WΩ1X/R)
where D(Alb(p)0) is the multiplicative display associated to Alb(p)0 and the Frobe-
nius on H2(X,WΩ1X/R) is the one induced by F on WΩ
1
X/R. The induced map
D(Alb(p)0)/IRD(Alb(p)
0)→ H2(X,WΩ1X/R)/imV
∼= H2(X,Ω1X/R)
is an isomorphism because it is so after base change along R → k, since we are in
the ordinary case. Hence ς is an isomorphism by Lemma 3.3.
Now we can complete the proof of Theorem 1.1:
Under the duality of H1cris and H
3
cris we get a direct summand decomposition
H3cris(X/W (R)) = H
2(X,WΩ1X/R)⊕ D(Alb(p)
e´t)(−1)(3.4.3)
= D(Alb(p)0)(−1)⊕ D(Alb(p)e´t(−1))(3.4.4)
of Dieudonne´ modules, where Alb(p)e´t(1) is the Cartier dual of Pic0X/R(p)
0. Since
the cup product of H2(X,WOX) with H
2(X,WΩ1X/R) vanishes, we get an induced
map
D(Alb(p)e´t)(−1)→ H1(X,WΩ2X/R)
where the Frobenius on the right is induced by p2F . It is clear that this map is an
isomorphism too.
For H2cris we can follow the argument in the proof of [LZ19, Theorem 40] to get
the Hodge-Witt decomposition
H2cris(X/W (R)) = H
2(X,WOX)⊕H
1(X,WΩ1X/R)⊕H
0(X,WΩ2X/R)
into a direct sum of displays associated to B̂rX/R, Φ
e´t
X/R and the twisted dual
B̂r
∗
X/R(−1). This finishes the proof of Theorem 1.1.
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4. Hodge-Witt decomposition for abelian schemes
For abelian schemes we reformulate Proposition 3.1 as follows:
Proposition 4.1. Let A be an abelian scheme over SpecR, with d = dimA < p,
such that the closed fibre is ordinary. Fix a pair (i, j) with 0 ≤ i, j ≤ d. Then we
have
(i) There is an exact sequence
0→ Hi(A,WΩjA/R)
V
−→ Hi(A,WΩjA/R)→ H
i(A,ΩjA/R)→ 0
induced by the action of V on WΩjA/R.
(ii) We have canonical isomorphisms
j∧
(H0(A,WΩ1A/R)) ⊗
i∧
(H1(A,WOA))
ς
−→ Hi(A,WΩjA/R)
compatible with the Frobenius action
∧j F⊗∧i F on the left and the Frobenius
induced by F on WΩjA/R on the right, such that there are isomorphisms
Hi(A,WΩjA/R)
∼= Hi(A,Ω
j
A/W (R))
inducing isomorphisms
V Hi(A,WΩjA/R)
∼= IRH
i(A,Ωj
A/W (R)) .
In particular,
(P,Q, F, F1) = (H
i(A,WΩjA/R), V H
i(A,WΩjA/R), F, V
−1)
is a multiplicative display.
Proof. We prove this by induction on j, the case j = 0 having already been covered.
Assume that the proposition holds for all j < r and all i. Consider the exact
sequence
0→ Hi−1(A,N r+1WΩ≥1A/R)→ H
i(A,N r+1WΩ•A/R)︸ ︷︷ ︸→ Hi(A,WOA)︸ ︷︷ ︸→ 0
∼= Hi(A,Fr+1Ω•A/W (R))
∼= V Hi(A,WOA)
∼= IRH
i(A,OA)
where the last map is surjective because the E1-hypercohomology spectral sequence
associated to Fr+1Ω•
A/W (R) degenerates. The same argument applies to the previ-
ous cohomological degree i− 1, hence the first map is injective, and we have
Hi−1(A,N r+1WΩ≥1A/R)
∼= Hi−1(A,Fr+1Ω
≥1
A/W (R)) .
By induction one proves that for all s ≤ r we have
Hi−s(A,N r+1WΩ≥sA/R)
∼= Hi−s(A,Fr+1Ω
≥s
A/W (R)) .
Indeed, we have an exact sequence
0→ Hi−(s+1)(A,N r+1WΩ≥s+1A/R )→ H
i−s(A,N r+1WΩ≥sA/R)→H
i−s(A,WΩsA/R)︸ ︷︷ ︸→ 0
∼= V Hi−s(A,WΩsA/R)
∼= IRH
i−s(A,ΩsA/W (R))
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and hence we get
Hi−(s+1)(A,N r+1WΩ≥s+1A/R )
∼= Hi−(s+1)(A,Fr+1Ω
≥s+1
A/W (R)) .
We conclude that the map
Hi(A,N r+1WΩ≥rA/R)
(V,id)
−−−−→ Hi(A,WΩ≥rA/R)
is injective and the cokernel is isomorphic to Hi(A,ΩrA/R).
Now consider the diagram
Hi(WΩ≥r+1) Hi(WΩ≥r) Hi(WΩr) Hi+1(WΩ≥r+1)
Hi(WΩ≥r+1) Hi(N r+1WΩ≥r) Hi(WΩr) Hi+1(WΩ≥r+1)
= id V(V, id) id=
The injectivity of (V, id) in cohomological degrees i and i + 1 implies that V is
injective on Hi(A,WΩrA/R) and has cokernel H
i(A,ΩrA/R) as desired.
For the second part of the proposition, we have a commutative diagram (compare
the case j = 0)
j∧
H0(A,WΩ1A/R)⊗
i∧
H1(A,WOA) H
i(A,WΩjA/R) H
i(A,ΩjA/R)
j∧
H0(A,Ω1A/W (R))⊗
i∧
H1(A,OA) H
i(A,ΩiA)
ς
≃
≃
where the horizontal maps are cup products in cohomology.
We define (P,Q = IRP, F, F1) to be the multiplicative display given by setting
P =
j∧
H0(A,WΩ1A/R) ⊗
i∧
H1(A,WOA). Since V ◦ ς ◦ F1 = ς |IRP we get the
induced homomorphism of free R-modules of rank hj,i
ς : P/IRP → H
i(A,WΩjA/R)/imV
∼= Hi(A,Ω
j
A/R)
which coincides with the cup product map
j∧
H0(A,Ω1A/R)⊗
i∧
H1(A,OA)→ H
i(A,ΩjA/R) .
Since for abelian varieties we have HsdR(A/R) =
∧sH1dR(A/R) the map ς is an
isomorphism. Therefore ς is an isomorphism by Lemma 3.3. 
This finishes the proof of the Hodge-Witt decomposition of Hscris(A/W (R)), i.e.
Theorem 1.3 holds.
5. Hodge-Witt decomposition for n-folds
Let S be a smooth formal scheme over SpfW (k), and let f : X → S be a smooth
and proper family of n-folds, where n < p. Suppose that the conditions (B1) and
(B2) from the introduction are satisfied. In this section we shall prove the following
theorem (Theorem 1.5 from the introduction):
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Theorem 5.1. Let Xk := X ×S Spec k be the fibre over an ordinary k-point
Spec k → S. Then for any commutative diagram
SpecR S
Spec k
where R is an artinian local ring with residue field k, the deformation X := X ×S
SpecR of Xk admits a Hodge-Witt decomposition of H
s
cris(X/W (R)) as displays in
all degrees 0 ≤ s ≤ 2n.
Remark 5.2. The theorem is stated in a generality that might obscure its meaning.
One key situation that we have in mind is the following:
Let Xk be an ordinary variety with dimXk < p and a smooth versal deformation
space S = Spf A, where A = W (k)JT1, . . . , TrK. Then Theorem 5.1 says that any
deformation X over an artinian local ring R has a Hodge-Witt decomposition of
Hncris(X/W (R)) as displays. Indeed, let f : X → S be the versal family. Each
fibre of f admits a compatible system of liftings over the finite length Witt vectors
because they have unobstructed deformations. To see this, note that there is a
canonical map A → W (A) mapping the Ti to their Teichmu¨ller representatives in
W (A). Any homomorphism A→ R′ induces a mapW (A)→W (R′), hence A→ R′
factors through the composition A → W (A) → W (R′) → Wn(R
′) for each n ∈ N.
Then the X ×S SpecWn(R
′) are liftings of X ×S SpecR
′. In particular, the versal
family satisfies the conditions (B1) and (B2) by [DI87, §4] because it lifts over the
length two Witt vectors and has relative dimension < p. Now, by versality, the
deformation X/SpecR of Xk is given by the base change of f : X → S along some
morphism SpecR→ S lifting Spec k → S. The theorem then applies.
Remark 5.3. The standard assumptions (B1) and (B2) ensure that the relative
Hodge filtration of the family is a filtration by locally direct factors, and commutes
with arbitrary base change T → S. Notice that (B1) and (B2) ensures that the
deformation X/SpecR satisfies (A1) and (A2). Indeed, by completing at a closed
point, we may assume that S = Spf A where A = W (k)JT1, . . . , TrK. The same
argument as in Remark 5.2 yields a compatible system of liftings Xn := X ×S
SpecWn(R) of X , which satisfies (A1) and (A2) by base change.
Remark 5.4. Since our techniques are crystalline in nature, the smoothness of S
seems to be indispensable in our approach. It would be interesting to understand
relative Hodge-Witt decompositions for varieties with obstructed deformations.
Before giving the proof of Theorem 5.1, we shall recall the theory of ordinary
Hodge F -crystals from [Del81]. Let A =W (k)JT1, . . . , TrK and A0 = kJT1, . . . , TrK,
for some r ≥ 0. A crystal over A0 is a finitely generated free A-module H together
with an integrable and topologically nilpotent connection
∇ : H → H ⊗A Ω
1
A/W (k) .
A ring endomorphism φ : A → A which restricts to the Frobenius on W (k) is
called a lift of Frobenius if it reduces modulo p to the Frobenius endomorphism
σ : A0 → A0 which sends x to x
p. A crystal (H,∇) over A0 is called an F -
crystal over A0 if for every lift of Frobenius φ : A→ A, there is a given A-module
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homomorphism F (φ) : φ∗H → H which is horizontal for ∇, i.e. the square
φ∗H φ∗H ⊗A Ω
1
A/W (k)
H H ⊗A Ω
1
A/W (k)
φ∗∇
F (φ) F (φ)⊗ id
∇
commutes, and such that F (φ) ⊗ Qp is an isomorphism. For any two liftings of
Frobenius φ, ψ : A→ A, we also require that F (ψ)◦χ(φ, ψ) = F (φ), where χ(φ, ψ) :
φ∗H
∼
−→ ψ∗H is the usual isomorphism of A-modules coming from parallel transport
with respect to the connection ∇:
χ(φ, ψ)φ∗ : H → ψ∗H
x 7→
∑
m1,...,mr≥0
r∏
j=1
pmj
mj
(
φ(Tj)− ψ(Tj)
p
)mj
ψ∗(Dm11 ◦ · · · ◦D
mn
n (x)).
Here the operator Dj : H → H denotes (
d
dTj
⊗ 1) ◦ ∇. An F -crystal (H,∇, F ) is
said to be a unit F -crystal if F (φ) is an isomorphism for some (hence any) lift of
Frobenius φ : A→ A.
Let H be an F -crystal over A (we henceforth drop the ∇ and F from the no-
tation), and write H0 := H ⊗A A0. Given a lift of Frobenius φ : H → H , define
a decreasing filtration Fil•H0 and an increasing filtration Fil
•H0 of H0 by A0-
submodules as follows:
FiliH0 := {x ∈ H0 : ∃y ∈ H with y ≡ xmod p and F (φ)φ
∗y ∈ piH0}
FiliH0 := {x ∈ H0 : ∃y ∈ H with y ≡ xmod p and p
iy ∈ imF (φ)} .
These are the Hodge and conjugate filtrations of H0, respectively. It is clear that
they are finite, separated and exhaustive, and that they are independent of the
choice of lift of Frobenius φ [Del81, §1.3]. Let ∇0 := ∇ mod p be the connection
on H0 induced by ∇. Then the Hodge filtration satisfies Griffiths transversality
∇0Fil
iH0 ⊂ Fil
i−1H0 ⊗A0 Ω
1
A0/k
and the conjugate filtration is horizontal for ∇0
∇0FiliH0 ⊂ FiliH0 ⊗A0 Ω
1
A0/k
.
An F -crystalH overA0 is called ordinary if the gradedA0-module gr
•H0 associated
to the Hodge filtration (equivalently the graded A0-module gr•H0 associated to the
conjugate filtration) is free, and the Hodge and conjugate filtrations are opposite,
that is if
H0 = FiliH0 ⊕ Fil
i+1H0
for every i. It is shown in [Del81, Prop. 1.3.2] that H is ordinary if and only
there exists a (unique) increasing filtration U• (the conjugate filtration) of H by
sub-F -crystals such that
Ui ⊗A A0 = FiliH0
for every i, and such that
griH := Ui/Ui−1 ≃ Vi(−i)
is the (−i)-fold Tate twist of a unit F -crystal.
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A Hodge F -crystal over A0 is an F -crystal H over A0 together with a finite
decreasing filtration Fil•H (the Hodge filtration) of H by free A-submodules which
lifts the Hodge filtration on H0, and satisfies Griffiths tranvsersality:
FiliH ⊗A A0 = Fil
iH0 , ∇Fil
iH ⊂ Fili−1H ⊗A Ω
1
A/W (k) .
A Hodge F -crystal (H,Fil•H) is said to be ordinary if its underlying F -crystal
H is ordinary. It is shown in [Del81, Prop. 1.3.6] that the conjugate and Hodge
filtrations of an ordinary Hodge F -crystal (H,Fil•H) are opposite, that is
H = Ui ⊕ Fil
i+1H
for every i.
We now prove Theorem 5.1:
Proof. After possibly taking the formal completion of S at a closed point, we may
and do assume that S is S = Spf A where A = W (k)JT1, . . . , TrK. Let X0 :=
X ×A A0.
The Gauss-Manin connection of the family f : X → S
∇ : HsdR(X/A)→ H
s
dR(X/A) ⊗A Ω
1
A/W (k)
gives the crystalline cohomology Hscris(X0/A) ≃ H
s
dR(X/A), together with its
crystalline Frobenius, the structure of an F -crystal over A0. The Hodge
filtration Fil•HsdR(X/A) satisfies Griffiths transversality and thus the pair
(HsdR(X/A),Fil
•HsdR(X/A)) is a Hodge F -crystal over A0. Let e0 : A0 → k
denote the augmentation map. Since the closed fibre Xk is ordinary, the New-
ton and Hodge polygons of e∗0H
s
dR(X/A)) ≃ H
s
cris(Xk/W (k)) coincide. Therefore
(HsdR(X/A),Fil
•HsdR(X/A)) is an ordinary Hodge F -crystal by [Del81, Prop. 1.3.2],
and hence we have the conjugate filtration U• of H
s
cris(X0/A) lifting the conjugate
filtration Fil•H
s
cris(X0/A0), and such that Ui/Ui−1 ≃ Vi(−i) is the (−i)-fold Tate
twist of a unit F -crystal. Moreover, the filtration U• is opposite to the Hodge
filtration Fil•HsdR(X/A).
Now we evaluate this filtration of F -crystals on W (A) and get a filtration of
W (A)-modules
0 ⊂ U0W (A) ⊂ U1W (A) ⊂ . . . ⊂ UnW (A) = H
s
cris(X0/W (A)) .
Note that the Frobenius on W (A) is a lifting of the Frobenius on A0 =
W (A)/〈 W (A)V , p〉. Then UiW (A)/Ui−1W (A) is a free W (A)-module such that the
crystalline Frobenius induces the (−i)-fold Tate twist of the multiplicative (unit-)
display on which F acts as an F -linear isomorphism. We can now take the base
change of F -crystals, respectively of displays, with respect to the map A → R to
get a filtration
0 ⊂ U0W (R) ⊂ U1W (R) ⊂ . . . ⊂ UnW (R) = H
s
cris(X/W (R))
of F -crystals, respectively of displays, over R.
We already know that
U0W (R) ≃ H
s(X,OX)
and we claim that the composite map
ς : U0W (R) → H
s
cris(X/W (R))→ H
s(X,WOX)
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is an isomorphism of multiplicative displays. Note that the diagram
U0W (R) H
s(X,WOX)
U0W (R) H
s(X,WOX)
ς
ς
F F
commutes by construction. To see the claim, let X denote the ind-scheme over
SpecW•(R) arising from the compatible family of liftings Xn/SpecWn(R) con-
structed using the canonical map A → W (A) → Wn(R) as in Remark 5.2. Then
for each i we have maps
Hicris(X/W (R))
∼= HidR(X/W (R))։ H
i(X,OX)։ H
i(X,OX)
where the final arrow is surjective because de Rham cohomology commutes
with base change. The composition factors through the map Hi(X,WOX) →
Hi(X,OX) induced by WOX → OX . Hence the cohomology sequence coming
from the short exact sequence
0→WOX
V
−→WOX → OX → 0
splits into short exact sequences
0→ Hi(X,WOX)
V
−→ Hi(X,WOX)→ H
i(X,OX)→ 0
for each i. In particular, we see that the map ς reduces modulo IR to the map
ς : U0W (R)/IRU0W (R) → H
s(X,WOX)/imV ≃ H
s(X,OX) .
As in the previous sections, we see that ς is an isomorphism by reducing to the case
R = k, where Hs(Xk,WOXk) is the slope 0 part in H
s
cris(Xk/W (k)). By Lemma
3.3 we conclude that ς is an isomorphism of multiplicative displays.
Since U0W (R) is a direct summand of H
s
cris(X/W (R)) we conclude that
U1W (R)/U0W (R) is a direct summand too. Consider the composite map
ς : P1 = U1W (R)/U0W (R) → H
s(X, 0→WΩ1X/R
d
−→ · · ·
d
−→WΩsX/R)→ H
s−1(X,WΩ1X/R) .
The diagram
P1 H
s−1(X,WΩ1X/R)
P1 H
s−1(X,WΩ1X/R)
ς
ς
F F
is commutative because it already commutes when X is replaced with X . The F on
the left is an F -linear isomorphism because it is defined on a multiplicative (unit-)
display.
We claim that we have exact sequences
0→ Hi(X,WΩ1X/R)
V
−→ Hi(X,WΩ1X/R)→ H
i(X,Ω1X/R)→ 0
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induced by the action of V on WΩ1X/R, for all i. Indeed, consider the short exact
sequence
0→ Hi(X,N2WΩ≥1X/R)→ H
i+1(X,N2WΩ•X/R)︸ ︷︷ ︸→ Hi+1(X,WOX)︸ ︷︷ ︸→ 0
∼= Hi+1(X,F2Ω•X/W (R))
∼= VHi+1(X,WOX)
∼= IRH
i+1(X,OX)
The last map is surjective because the E1-hypercohomology spectral sequence asso-
ciated to F2Ω•
X/W (R) degenerates. Applying the same argument in cohomological
degree i, we see that the first map is injective. Therefore
Hi(X,N2WΩ≥1X/R)
∼= Hi(X,F2Ω
≥1
X/W (R))
and we conclude that the map
Hi(X,N2WΩ≥1X/R)
(V,id)
−−−−→ Hi(X,WΩ≥1X/R)
is injective and has cokernel Hi(X,Ω1X/R). Now consider the diagram
Hi(WΩ≥2) Hi(WΩ≥1) Hi(WΩ1) Hi+1(WΩ≥2)
Hi(WΩ≥2) Hi(N2WΩ≥1) Hi(WΩ1) Hi+1(WΩ≥2)
= id V(V, id) id=
The injectivity of (V, id) in cohomological degrees i and i + 1 implies that V is
injective on Hi(X,WΩ1X/R) and has cokernel H
i(X,Ω1X/R) as desired.
As before, we see that the induced map
ς : P1/IRP1 → H
s−1(X,WΩ1X/R)/imV ≃ H
s−1(X,Ω1X/R)
is an isomorphism by reducing to the case R = k, where Hs−1(Xk,WΩ
1
Xk/k
) is
the slope 1 part in Hscris(Xk/W (k)). By Lemma 3.3 we conclude that ς is an
isomorphism and that P1 ∼= H
s−1(X,Ω1
X/W (R)).
Now consider the composite map
ς : P2 = U2W (R)/U1W (R) → H
s(X, 0→ 0→WΩ2X/R
d
−→ · · ·
d
−→WΩsX/R)→ H
s−2(X,WΩ2X/R) .
The same argument as before shows that the square
P2 H
s−2(X,WΩ2X/R)
P2 H
s−2(X,WΩ2X/R)
ς
ς
F F
is commutative.
We claim that we have exact sequences
0→ Hi(X,WΩ2X/R)
V
−→ Hi(X,WΩ2X/R)→ H
i(X,Ω2X/R)→ 0
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induced by the action of V on WΩ2X/R, for all i. We proceed in a similar manner
as before: Consider the short exact sequence
0→ Hi(X,N3WΩ≥1X/R)→ H
i+1(X,N3WΩ•X/R)︸ ︷︷ ︸→ Hi+1(X,WOX)︸ ︷︷ ︸→ 0
∼= Hi+1(X,F3Ω•X/W (R))
∼= VHi+1(X,WOX)
∼= IRH
i+1(X,OX)
The last map is surjective because the E1-hypercohomology spectral sequence asso-
ciated to F3Ω•
X/W (R) degenerates, and the same argument in cohomological degree
i, shows the first map is injective. Therefore
Hi(X,N3WΩ≥1X/R)
∼= Hi(X,F3Ω
≥1
X/W (R))
for each i.
Considering the short exact sequence
0→ Hi(X,N3WΩ≥2X/R)→ H
i+1(X,N3WΩ≥1X/R)︸ ︷︷ ︸→ Hi+1(X,WΩ1X/R)︸ ︷︷ ︸→ 0
∼= Hi+1(X,F3Ω
≥1
X/W (R))
∼= V Hi+1(X,WΩ1X/R)
∼= IRH
i+1(X,Ω1
X/W (R))
then shows that
Hi(X,N3WΩ≥2X/R)
∼= Hi(X,F3Ω
≥2
X/W (R))
for each i, as well. Finally, the diagram
Hi(WΩ≥3) Hi(WΩ≥2) Hi(WΩ2) Hi+1(WΩ≥3)
Hi(WΩ≥3) Hi(N3WΩ≥2) Hi(WΩ2) Hi+1(WΩ≥3)
= id V(V, id) id=
and injectivity of (V, id) in cohomological degrees i and i + 1 implies that V is
injective on Hi(X,WΩ2X/R) and has cokernel H
i(X,Ω2X/R) as desired.
By the same argument as before, we see that the induced map
ς : P2/IRP2 → H
s−2(X,WΩ2X/R)/imV ≃ H
s−2(X,Ω2X/R)
is an isomorphism by reducing to the case R = k, where Hs−2(Xk,WΩ
2
Xk/k
) is
the slope 2 part in Hscris(Xk/W (k)). By Lemma 3.3 we conclude that ς is an
isomorphism and that P2 ∼= H
s−2(X,Ω2
X/W (R)).
By an induction argument as in the case of abelian schemes one derives an exact
sequence for all i and j
0→ Hi(X,WΩjX/R)
V
−→ Hi(X,WΩjX/R)→ H
i(X,ΩjX/R)→ 0
and that the map
Pi := UiW (R)/Ui−1W (R) ≃ H
s−i(X,ΩiX)
ς
−→ Hs−i(X,WΩiX/R)
is an isomorphism of multiplicative displays over R. This concludes the proof of
Theorem 5.1. 
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